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I. EXPLICIT EXPRESSIONS FOR VARIOUS TIMESCALES
Here we provide explicit expressions of various relevant timescales.






























where µ, Mt, and M are respectively the reduced mass, total mass, and the chirp mass of the binary of interest. In
the second line we have scaled the number by the orbital frequency for future convenience, though we remind the
reader that the timescale defined here is the instantaneous decay rate of the semi-major axis (instead of frequency).
Furthermore, when the orbit is circular, the GW radiation has a single frequency component with f = 2forb, and thus
a factor of 2 is included in the scaling of forb.
For a circular orbit, the total time to merger is tm = τgw/4. By setting tm = Tobs = 5 yr (the fiducial observation
time), we can then determine the initial frequency (or the initial orbital separation) for a given binary system.
This is why we chose an initial GW frequency f (0) = 2forb = 12 mHz (a
(0)
i = 1.4 × 10−3 AU) for the binary with
M1 = M2 = 50M and f
(0) = 2forb = 4.4 mHz (a
(0)
i = 4.7 × 10−3) for the one with M1 = M2 = 250M (see
Fig. 3 in the main text). In comparison, for a typical outer orbit with M1 + M2 = 100M, M3 = 10
8M, and
ao = 100M3 ' 100 AU, the merger time is tm,o ' 3 × 107 yr. Therefore, in most cases we can safely ignore the
GW-induced decay of the outer orbit.
The presence of the central SMBH will modulate the GW waveform emitted by the inner binary (i.e., the carrier)
via various effects. The most significant one is the Doppler phase shift due to the motion of the outer orbit (Newtonian
dipole effect), at a rate Ωo '
√













The next leading-order effect is the de Sitter-like precession of the inner orbit (a 1.5 post-Newtonian-order, or 1.5












where the second equality applies because M3  µo ' (M1 +M2). The corresponding period is thus










When the central SMBH is fast spinning, the inner orbit will also precess around the spin of the SMBH S3 by the



















Additionally, the SMBH may perturb the inner orbit via the Lidov-Kozai effect (i.e., the Newtonian tidal effect as













(M1 +M2)/a3i is the orbital frequency of the inner orbit. The corresponding period is thus















Unlike the de Sitter and Lense-Thirring effects which are independent of ai, the Lidov-Kozai timescale increases as the
inner orbit decays because the “lever arm” for the SMBH to perturb is smaller. The Lidov-Kozai effect is therefore
less and less significant as the inner binary evolves towards the merger.
As the inner binary may reside in a gaseous disk, the frictional force from the background gas may both cause the
inner binary as a whole to accelerate/decelerate from the Keplerain outer orbit, and harden the inner binary and
make it merges in a shorter timescale than tm.
For the gaseous effect on the outer orbit, we estimate it with the dynamical friction derived in Ref. [3], which leads
















where ȧo,gas is the rate at which the outer orbit changes due to the hydrodynamic drag and ρbg is the background gas
density. Although this effect may be important for the migration of the outer orbit over the entire evolution of the
inner binary, over a period of Tobs ' 5 yr, it only changes the outer orbit by a fractional amount of Tobs/τgas ∼ 10−5
and can thus be safely ignored.
As for the inner binary, a circumbinary mini-accretion disk may form. In this scenario, the inner binary hardens
due to the gaseous effect over a timescale [4]














where q = M2/M1. A similar estimation can be found in Ref. [5] where the authors found the inspiraling rate changes
from gas dominated to GW dominated at an inner separation of ai ∼ R ' 5 × 10−3 AU. For the typical ai we
consider, this then indicates τ ′gas ∼ 100τgw.
Ref. [6] suggested yet another hardening mechanism due to the formation of overdense spiral tails lagging the BHs
in the inner binary and exerting torques on them. This mechanism could efficiently half the inner semi-major axis
in a few cycles of the outer orbit, and for ao ∼ 100M3, such a timescale could be comparable to the duration of
observation. Nonetheless, the model considered by Ref. [6] applies for inner binaries with separations of ai ∼ rH,
where rH = ao [M3/3(M1 +M2)]
1/3
is the Hill radius. For ao = 100M3 and M3 = 10
8M (M3 = 10
6M), we have
rH ' 0.7 AU (rH ' 0.03 AU), much greater than the initial inner binary’s separation of ai ' 1.4× 10−3 AU considered
in our work. Therefore, our case is likely to be beyond the regime of validity of the model proposed in [6] (see also the
discussion in sec. 8.5 of Ref. [6] and sec. 2.3 of Ref. [7]). As a result, this is an effect critical for the early evolution
of the inner binary but is likely subdominant for the final state when τgw = O(10 yr).
Furthermore, as shown in Ref. [4], the gaseous friction’s effect on the inner binary is make the chirp mass appear
heavier than the true value by a factor (1 + τ ′gas/τgw)
3/5. It can therefore be absorbed into the carrier waveform h̃c
and be extracted from the frequency evolution of the waveform similar to high-order post-Newtonian parameter.
The inner binary, after formation, may also experience multiple encounter with the surrounding background
stars/BHs. The typical timescale between two consecutive interactions can be estimated to be [8, 9]














where σ is the velocity dispersion, nbg the number density of background stars/BHs, rp the maximum considered
close approach to the inner binary, and Mbg the mass of the background perturber. In the scaling above, we have
conservatively (making τenc smaller) set σ = 0.1vorb(ao = 100M3) and rp ' 10ai. Note τenc ∝ r−1p ∼ a−1i , and
3
therefore encounters with background objects are important when the inner binary is far apart (e.g., when it is just
formed). The frequent encounters at the early stages also play a critical role in giving the inner binary a nearly
isotropic orientation so that Li is typically misaligned with Lo. However, at the end stage of the inner binary’s
evolution with τgw ∼ Tobs, we have τgw  τenc, and therefore it is very unlikely for the inner binary to be disrupted
during the observation.
II. EXPLICIT EXPRESSIONS FOR THE WAVEFORMS
Here we provide explicit expressions for various quantities used in our construction of the waveform.




















The antenna pattern coefficients are




1 + cos2 θS
)
cos 2φS cos 2ψS − cos θS sin 2φS sin 2ψS, (13)




1 + cos2 θS
)
cos 2φS sin 2ψS + cos θS sin 2φS cos 2ψS, (14)




L̂i · ẑ −
(L̂i · N̂)(ẑ · N̂)
N̂ · (L̂i × ẑ)
]
(15)
is the polarization angle of the source.










(L̂× N̂) · dL̂
dt
, (16)






The time-dependent orientation of L̂i in our case is given by
L̂i =
[
cosλL sin θJ cosφJ + sinλL
(





cosλL sin θJ sinφJ − sinλL
(





cosλL cos θJ + sinλL sin θJ cosα
]
ẑ, (18)
where α = ΩdSt+ α0.












x̂(t) = − sin 2φd
4
x̂ +







and ŷ = ẑ × x̂. In the expressions above, φd = 2πt/yr is the phase of the detector.
To summarize, when we consider the simple-precession problem, the waveform is parameterized in terms 11 free
parameters in total, (M, DL, tc, φc, θS, φS, θJ , φJ , PdS, λL, α0). When consider the full SMBH effects (dS precession
and Doppler shift due to the outer orbital motion), we further write PdS in terms of M3 and ao, and include φ
(0) as




















FIG. 1. Fractional uncertainties in Ωo (top) and eo (bottom) as a function of eo. The grey (olive) trace assumes the sensitivity
of TianGO (LISA). We have dropped other antenna responses and used the angle-averaged sensitivity when evaluating the
Fisher matrix (
√
5 times greater than the intrinsic noise). When generating the waveform, we have used 2π/ωo = 0.51 yr and
A = 212 AU, which can be further realized with M3 = 108M, ao = 300M3, and ι = 45◦.
III. DOPPLER PHASE SHIFT OF ELLIPTIC OUTER ORBITS
Here we demonstrate that we can extract simultaneously the orbital period (hence the enclosed mass density) and
eccentricity of an elliptic outer orbit from the Doppler phase shift alone.
To do so, we consider a simple model with h̃(f) = h̃C(f) exp[−iΦD(t)]. In other words, we include only the Doppler
phase shift due to the outer orbit (now has finite eccentricity) and drop other antenna responses for simplicity. The
Doppler phase can be further written as
ΦD(t) = 2πfro,‖(t), (21)
where ro,‖(t) is the orbital separation projected along the line of sight. Specifically, we have
ro,‖(t) =
A(1− e2o)
1 + eo cosu(t)
sin[u(t) + γ], (22)
where u(t) and γ are the true anomoly and the argument of pericenter.[10] The amplitude is further given by A =
ao sin ι. Note that with Doppler shift alone we cannot separate out ao and sin ι, and thus we treat A itself as a free
parameter. The true anomoly can be solved as a function of time (which is further a fucntion of the GW frequency
of the inner orbit) via the differential equation
u̇ = Ωo






M3/a3o. In summary, the Doppler shift can be parameterized in terms of 5 parameters: (Ωo, eo,A, γ, uc)
with uc = u(t = tc), and our goal here is to illustrate that Ωo and eo can both be measured with high accuracy.
In Figure 1 we demonstrate the detectability of Ωo (top panel) and eo (bottom panel) as a function of eo using
respectively the sky-averaged sensitivity [11] of TianGO (grey) and LISA (olive). To model the Doppler phase ΦD, we
have further assumed 2π/ωo = 0.51 yr and A = 212 AU. This set of parameters can be further realized by a physical
system with M3 = 10
8M, ao = 300M3, and ι = 45
◦. For reference, the de Sitter precession period for such a system
would be 2π/ΩdS = 101 yr if eo = 0 and 19 yr if eo = 0.9. The values of γ and uc are both randomized over when
generating the plot. Consistent with the main text, we assumed M1 = M2 = 50M and DL for the carrier (in fact,
only the chirp mass M = 44M matters as we use the leading-order quadrupole formula for the carrier) and the
initial frequency is set to f (0) = 12 mHz so that the system merges in Tobs = 5 yr.
As shown in the plot, the frequency Ωo is essentially independent of the eccentricity of the outer orbit eo and it
can be constrained to a high accuracy of ∆Ωo/Ωo ∼ a few× 10−6 by both TianGO and LISA. The fractional error in
eo shows more scattering due to the randomness of γ and uc, yet there is a trend that the fractional error decreases











|t− tc| > 0.1 yr









FIG. 2. Sky-averaged SNR and merger time as a function of the initial eccentricity of the inner orbit, e
(0)
i . The solid trace is
the total SNR using all the data and the dashed trace uses only data at least 0.1 yr prior to the merger so that this portion is
accumulated over a time comparable to the typical precession period. We have fixed the initial semi-major axis of the inner
binary to be a
(0)
i = 1.4× 10
−3 AU so that a circular binary can merge in 5 years. If the eccentricity is high (> 0.7), we would
be able to observe the inner binary starting from a much greater ai so that it still stays in band for years with an SNR of few
during the early stage evolution (assuming TianGO’s sensitivity; see the discussions in the text).
can indeed be well constrained from the Doppler phase even for elliptic outer orbits. Once we combine them with




as discussed in the main text, we can therefore
simultaneously determine both the mass of the center SMBH M3 and the key properties of the outer orbit (ao, eo).
In fact, the de Sitter precession also allows us to infer the inclination angle of the outer orbit and thus sin ι. As a
result, we can also infer ao from the amplitude A which makes the parameter inference even more accurate. Similarly,
the precession of the periceter (i.e., γ) would also provide additional constraints on (M3, ao, eo) and enhance the
accuracy further.
IV. SNR OF ELLIPTIC INNER ORBITS
We now turn to study the effects of the eccentricity of the inner orbit.
First, we note that the observed waveform can be modeled as the product h̃(f) = Λ(f)h̃C(f) with Λ the antenna
response and h̃C the antenna-independent waveform of the carrier. We can consequently call parameters that affects
only Λ the extrinsic parameters (including M3, ao, eo, λ, etc.), and those affecting only h̃C the intrinsic parameters
(including ei).











Therefore, we can see an intrinsic parameter such as ei affects the detectability of an extrinsic one (such as M3) mostly
through changing the overall signal-to-noise-ratio (SNR). Consequently, we can estimate how the inner eccentricity
affects the results we drawn in the main text based on circular orbits by considering its effects on the SNR.
To estimate the SNR of an elliptic inner orbit, we consider the characteristic strain of the system. Specifically, we
can first decompose the time-domain waveform into a sum over harmonics as h(t) =
∑
k hk(t) with each harmonic
oscillating at a frequency fk. Up to corrections due to the precession of the inner pericenter, we have fk ' kfi with
2πfi =
√





























FIG. 3. Characteristic strain hc of the inner orbit for representative initial eccentricities e
(0)
i (represented by different colors).
The initial semi-major axis is fixed to a
(0)
i = 1.4 × 10
−3 AU. For each configuration we only show the first 4 harmonics. The
dot markers correspond to the instant when the inner binary is 0.1 yr prior to the final merger.







d ln fk, (26)
where Sn is the power-spectral density of the instrument noise. Here we drop the antenna response and use the
sky-averaged sensitivity instead (which leads to the numerical factor of 5 in the denominator). We refer the interested
readers to Ref. [12] for more details of the calculation.
One such example is shown in the top panel of Fig. 2. Here we consider an inner binary with masses of M1 = M2 =
50M and an initial semi-major axis of a
(0)
i = 1.4 × 10−3 AU (same as the one considered in the main text). We
vary the initial eccentricity e
(0)
i and compute the SNR based on the characteristic strains using both the sensitivity
of TianGO (grey traces) and LISA (olive traces). In addition to the total SNR shown in the solid traces, we also
consider the SNR using only the data at least 0.1 yr prior to the final merger (shown in the dashed traces). This
portion of the data is accumulated over a time comparable to the typical de Sitter precession periods of a few to tens
of years and would thus directly helps constraining the time-varying antenna pattern. For reference, we also show the
total time to merger tm in the bottom panel.
As shown in the plot, if the inner binary’s eccentricity is mild (e
(0)
i . 0.7; this corresponds to about half of the
sources if e
(0)
i yields a thermal distribution), then both TianGO and LISA see mild changes in both the total SNR
and that accumulated from the early stage only. In fact, the SNR seen by TianGO increases slightly first with an
increasing eccentricity. This can be understood by examining Fig. 3. As the eccentricity increases, more GW power
are emitted through high-order harmonics (instead of through only the k = 2 harmonic for circular orbits). These
harmonics have higher frequencies and therefore are in the band where a decihertz detector like TianGO is more
sensitive. For LISA, the SNR is reduced by a factor of 3 but is still above unity as e
(0)
i changes from 0 to 0.7. These
should not change our results qualitatively.
When the initial eccentricity is more extreme, e
(0)
i & 0.8, the inner binary would merge within 0.1 yr and therefore
the dashed line vanishes. However, this is an artifact of our fixing a
(0)
i = 1.4 × 10−3 AU, a value chosen so that
our inner binaries (with circular orbits) would merge within 5 years, the fiducial duration of observation Tobs. In
fact, once we allow the inner orbit to be eccentric, we can in fact capture the binary when it is at a much greater
orbital separation. For example, an inner binary with (ai, 1− ei) = (1.4× 10−3 AU, 0.2) can be further evolved from
(ai, 1 − ei) = (0.05 AU, 6 × 10−3) [note that as shown in Ref. [2], (1 − e) ∝ a−1 when (1 − e)  1; also note that
the Newtonian tide could be important for such an highly eccentric binary with a large semi-major axis, especially
if M3 . 107M] in slightly less than 2 years < Tobs. During this process, the k ' 3, 000 to k ' 300 harmonics
consecutively sweep through TianGO’s most sensitive band, and together they contribute an SNR of 5.3 over the
2-year evolution. As a result, even for significantly eccentric inner binaries, it is still possible to obtain an SNR of a
few with an integration time over a year to constrain the time-varying antenna pattern induced by the central SMBH.
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